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Abstract 
The concept of star chromatic number of a graph, introduced by Vince (1988) is a natural 
generalization of the chromatic number of a graph. This concept was studied from a pure 
combinatorial point of view by Bondy and Hell (1990). In this paper we introduce strong and 
weak star chromatic numbers of uniform hypergraphs and study their basic properties. In 
particular, we focus on partial Steiner triple systems (PSTSs) for the weak case. We also discuss 
the computational complexity of finding a (k, d)-colouring for a PSTS and construct, for every 
rational k/d > 2, a k/d star chromatic PSTS. 
1. Introduction 
Let h >/2 and H be an h-uniform hypergraph, k and d be positive integers uch that 
k >~ 2d. A map c: V(H) ~ k := (0 .. . . .  k - 1} is a strong (k,d)-colouring of H if for 
every u, v ~ V(H) we have d <% qc(u) - c(v) I -%< k - d whenever the pair {u, v} appears in 
some hyperedge of H. The map c is called a weak (k, d)-colouring of H if the following 
conditions are satisfied: 
(i) no hyperedge of H is monochromatic and 
(ii) if a pair {u, v} ~_ V(H) appears in some hyperedge of H then 
c(u) v~c(v) ~ d<%lc(u) -c (v ) l~<k-d .  
Note that a strong (weak) (k, 1)-colouring of H is just a strong (weak) k-colouring. 
Therefore the strong chromatic number xs(H) of a hypergraph H (the weak chromatic 
number Zw(H)) is the smallest k for which H has a strong (weak) (k - 1)-colouring. 
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Strong and weak vertex colouring of hypergraphs and designs have been exten- 
sively studied in the literature, more so for the weak case. Steiner triple systems (STSs) 
have been more thoroughly investigated than any other designs. In particular, 
attention has been devoted to the existence of partial and full STSs with prescribed 
weak chromatic number. The existence of such objects is far from being straight- 
forward and is shown without giving explicit constructions (e.g. see [3] for full STSs). 
Also the computational complexity of finding a t-colouring has been studied for 
Steiner systems and some partial designs, especially for the weak case. For further 
details regarding colouring of designs we refer the reader to an excellent survey by 
Colbourn and Rosa [5]. 
As seen above, (k,d)-colourings of hypergraphs are natural generalizations of the 
usual vertex t-colourings in both the strong and weak sense. The purpose of this paper 
is to discuss ome basic properties of (k, d)-colourings of hypergraphs. We study the 
complexity of finding strong (k, d)-colourings for simple h-graphs as well as weak 
(k,d)-colourings for partial STSs (PSTSs). We define both strong and weak star 
chromatic numbers and construct h-uniform hypergraphs with prescribed strong star 
chromatic number. We also show the existence of a k/d weak star chromatic PSTS for 
all k/d > 2. In the sequel we will always consider a fraction in its irreducible form. 
2. Strong (k, d)-colourings 
In this section h stands for an integer 1> 2. 
2.1. Let H be an h-uniform hypergraph and assume that H has a strong (k,d)- 
colouring c. Let e = {Vl ..... Vh} be a hyperedge such that C(Vl) < ... < c(vh). Then as 
c(vi)+d<~c(vi+l)  fo r /=  1 ..... b - l ,  
we get c(vh) - c(vl) >1 (h - 1)d. Now, since c(vh) - c(vl) ~ k - d, we get k >1 hd. Thus 
a necessary condition for an h-uniform hypergraph to have a (k, d)-colouring isk >1 hd. 
2.2. Notations. (1) I fH is an h-uniform hypergraph, then its graph G(H) is defined by 
V(G(H)):= V(H) 
and uv is an edge in G(H) if and only if the pair {u, v} appears in at least one hyperedge 
of H. Note that if h = 2 then G(H) = H. 
(2) Let G(k, d) be a circulant with vertex set _k and set of symbols 
S= {d,d+ 1 .. . . .  d -k -  l ,d -k} .  
Hence if i  4:j e k, then ij is an edge of G(k,d) if and only ifd ~< ]i - j [  ~< k - d. Note 
that G(k,d) is the complement of the (d - l)th power of the k-cycle. It is shown in 
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[2, Corollary 3] that kid is the star chromatic number of the graph G(k,d), i.e. 
kid = inf{s/t: G(k, d) has an (s, t)-colouring}. 
We will use this fact in the proof of our Theorem 3.7. 
(3) For k >1 hd we define the h-hypercirculant Hh(k, d) as an h-uniform hypergraph 
whose vertex set is k__ and whose hyperedge set is 
{(it . . . . .  ih} ~-kh:d<~l i r - i s [<<.k-d  fo ra l l r~s ,  l<~r,s<~h}. 
Example. Let h = 3, d = 2 and k = 8:= {0, 1 .. . . .  7}. Then the set of triples of H3(8,2) 
is 
{{0,2,4}, {1,3,5}, {2,4,6}, {3,5,7}, {4,6,0}, {5,7, 1}, {6,0,2}, {7, 1,3}, {0,2,5}, 
{1,3,6}, {2,4,7}, {3,5,0}, {4,6,1}, {5,7,2}, {6,0,3}, {7,1,4}}. 
Note that a strong (k,d)-colouring of an h-uniform hypergraph H is simply 
a homomorphism n ~ nh(k, d), i.e., a map c: E(H) ~ k__ such that { C(U 1 ) . . . . .  C(Uh)} is 
a hyperedge of Hh(k,d) whenever {ul . . . . .  Uk} is a hyperedge of H. 
(4) Denote by Gh(k,d) the graph of the h-hypercirculant Hh(k,d), i.e., 
Gh(k, d) = G(Hh(k, d)). Note that Gh(k,d) is a subgraph of G(k, d)and is nonbipartite 
whenever h > 2. Also note that G2(k,d)= G(k,d) and this graph is nonbipartite 
whenever k > 2d. 
2.3. Proposition. I f  an h-uniform hypergraph H has a strong (k, d)-colouring, then it has 
a strong (k',d')-colouringfor all positive k',d' with k'/d' >1 kid. 
Proof. Define the mapf:_k ~ k_' byf ( i ) := nd' whenever ie {nd ..... (n + 1)d - 1}. 
We show that f i s  a homomorphism Hh(k,d ) ~ Hh(k',d'). Let {il . . . . .  ih} be a hy- 
peredge of Hh(k,d) and s ~: te  {1 .... ,h}. Then d ~< l i s -  ill ~< k -d .  Let us suppose 
is > i,. Then clearly f(is) >>.f(i,) and as i~ - it >1 d we have f(is) >f(i,).  Thus 
f(is) - f ( i , )  >~ d'. Now is - i, ~< k - d implies 
as kid <~ k'/d'. Thus d' <<.f(is)-f(i,)<~ k ' -d '  proving that {f(il) . . . . .  f(ih)} is a 
hyperedge of Hh(k', d'). Now clearly if c:H --, Hh(k, d) is a strong (k, d)-colouring of 
H, then the composition fo c:H ~ Hh(k',d') is a strong (k',d')-colouring of H. [] 
2.4. Corollary. I f  an h-uniform hypergraph H has a strong (k,d)-colouring, then it has 
a strong (k', d')-colouring with k'/d' = kid and gcd(k', d') -- 1. 
2.5. Proposition. I f  an h-uniform hypergraph H has a strong (k,d)-colouring with 
gcd(k,d) = 1 and k > I I/(H)l, then it has a strong (k',d')-coluring with k' < k and 
k'/d' < kid. 
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Proof. See the proof of Proposition 2 in [2]. 
2.6. Definition. Let H be an h-uniform hypergraph. The strong star chromatic number 
of H is 
z*(H):= inf{k/d: H has a strong (k, d)-colouring}. 
Combining Corollary 2.4 and Proposition 2.5, we get the following result. 
2.7. Corollary. Let H be an h-uniform hypergraph, then 
z*(H) = min{k/d: H has a strong (k,d)-colouring and k <<. I V(H)I}. 
Note that according to this we have that ~(*(H) is a rational number. 
Let xs(H) denote the strong chromatic number of the hypergraph H, i.e. the least 
n for which H has a strong n-colouring. 
2.8. Corollary. Let H be an h-uniform hypergraph. Then 
zs(H) - 1 < z*(H) ~< z~(H). 
Proof. Since a strong (k, 1)-colouring of H is a strong k-colouring we deduce that 
x*(H) ~< xs(H). Assume that x*(H) ~< Xs(H) - 1. Then by Corollary 2.7 H has a strong 
(k,d)-colouring with k/d<<.Zs(H)-1 and thus, by Proposition 2.3, a strong 
(Zs(H) - l, 1)-colouring, a contradiction. Therefore 
z~(H)- 1 < z*(H). [] 
2.9. Remarks. (1) Recall that a t-(v, h, 2) design (note that we use h instead of k in 
order to avoid confusion) is a pair (V, B) where V is a v-set and B is a collection of 
h-subsets of V called blocks such that each t-subset of V is contained in exactly 
2 blocks. Now if O is a t-(v,h,2) design then z*(O) = zs(D) = v. 
(2) A partial 2-(v, h, 1) design is also called a simple h-graph, i.e., an h-uniform 
hypergraph where any pair of elements occurs in at most one hyperedge (for h = 3 
such a design is called a partial Steiner triple system). Let D be a partial 2-(v, h, 1) 
design, then it is easy to check that z*(D) = v if and only if D is a design. 
2.10. Computational complexity of finding strong (k,d)-colouring of simple h-graphs 
Note first that if k >>. hd and H is an h-uniform hypergraph, then a strong (k, d)- 
colouring of H is just a hypergraph omomorphism H --* Hh(k,d), i.e., a map 
~p: V(H) --, V(Hh(k,d)) so that {~p(u,), ..., ~P(UD} is a hyperedge of Hh(k,d) whenever 
{u, ..... uh} is a hyperedge of H. 
Let k, h, d be fixed integers with k >i hd. Then we have the following result. 
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2.11. Theorem. Deciding whether a simple h-graph has a strong (k,d)-colouring is 
NP-complete for all fixed h, k,d such that either h > 2 and k >~ hd or h = 2 and k > 2d. 
Proof. Membership in NP is straightforward. The reduction is from the Gh(k,d )- 
colouring problem for graphs. In [8] it is shown that for a fixed nonbipartite graph G, 
the G-colouring problem for graphs is NP-complete (recall that a G colouring of 
a graph 2 is a homomorphism tp: 2 ~ G). It is easy to see that Gh(k, d) is nonbipartite 
for all h >~ 2, k >~ hd except h = 2, k = 2d. 
Let K=(V(K) ,E (K) )  be a graph which is an instance of the Gh(k,d) 
colouring problem for graphs. For every edge e-- -uveE(K) consider the h-set 
He:= {u,v,v~, h-2 .... ve } where Ve#V~e , whenever e~e '  or i# j .  Let V(H):= 
~)e~E~K~He and E(H):= {H e :e E E(K)} .  Then clearly H is a simple h-graph. We have 
the following. 
Fact. H has a strong (k, d)-colouring if and only if K has a Gh(k, d)-colouring. 
Proof. It is easy to see that the restriction to V(K) of any strong (k,d)-colouring of 
H gives a Gh(k,d) colouring of K. Conversely, let c be a Gh(k,d)-colouring of K. We 
extend c to V(H) as follows: If {u,v,v~,...,v~ -2} is a hyperedge of n where 
e = uv E E(K), we assign to the vertices v~ ..... v~-2 the other vertices of the h-clique 
that contains c(u)c(v) in Gh(k, d). Since the reduction is in polynomial time our result is 
shown. [] 
Recall that a partial Steiner triple of order v (in brief PSTS(v)) is a simple 3-graph 
S = (V, B) where V is a v-set. From last theorem we get the following corollary. 
2.12. Corollary. Deciding whether a PS TS has a strong (k, d)-colouring is NP-complete 
for all k >~ 3d. 
The computational complexity of finding t-colouring of simple h-graphs is dis- 
cussed in [4]. 
2.13. An h-uniform hypergraph whose strong star chromatic number is kid. 
We want to show that for all h, k, d with k >>. hd, the h-uniform hypergraph Hh(k, d) 
has strong star chromatic number k/d. 
For this we need the following definition. 
2.14. Definition. Let H be an h-uniform hypergraph. A subset S of V(H) is called 
a strong independent set if I S c~ el ~< 1 for every hyperedge e of H. Put 
fls(H):= max{lSl: S is a strong independent set of H}. 
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Example. fl,(Hh(k,d)) = d for all h,k,d with k >>. hd. 
The idea behind the following results comes from [2]. 
2.15. Lemma. Let h >1 2, K and H be h-uniform hypergraphs, f: K --* H be a homo- 
morphism and assume that H is vertex transitive. Then 
fl,(K) fl,(H) 
>i 
I V(K)I I V(H)I" 
Proof. Let H,,  H 2 . . . . .  Hq be all the strong independent sets of H of size fl,(H). Since 
H is vertex-transitive, each vertex of H occurs in the same number, say p, of the sets Hi. 
It follows that qfl,(H) = pJ V(H)I (by counting the pairs (x, Hi), x e Hi, in two different 
ways). For i = 1 ..... q let 
Ki = f -  l(V(Hi)):= {x e V(K): f (x) e V(Hi) }. 
Then clearly Ki is a strong independent set for all i = 1 ..... q. Now each vertex of 
K belongs to p of the Ki's hence 
q 
qfls(K) >1 ~ IKd = Pl V(K)I. [] 
i=1  
2.16. Theorem. z*(Hh(k,d)) = k/d for all h,k,d with k >1 hd. 
Proof. Assigning colour i to the vertex i (i = 0,..., k - 1) is clearly a strong (k,d)- 
colouring of Hh(k, d). Thus x*(Hh(k, d)) <~ k/d. Note that 
fl,(Hh(k, d)) d 
I V(Hh(k, d))[ = k" 
Let k' and d' be such that k'/d' < k/d. If k' < hd' then obviously Hh(k, d) cannot have 
a strong (k', d')-colouring. Assume k' >1 hd'. As 
fl,((Hh(k,d)) d d' fl,(Hh(k' d')) 
[I/(Hh(k,d))l = k < k' = IV(Hh(k',d'))l 
we get by last lemma that there is no homomorphismf:Hh(k,d)--* H~(k',d'), i.e. 
Hh(k,d) does not have a strong (k',d')-colouring. Hence z*(Hh(k,d)) = k/d. [] 
Combining the above result with Corollary 2.8 we get the following corollary. 
2.17. Corollary. For every h >>- 2 there exists an infinite family (H,), ~ I of h-uniform 
hypergraphs with )~*(H,) < )&(H,) for all n >I 1. 
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3. Weak (k, d)-colouring of  PSTSs 
In this section, we will focus on partial (and full) STSs. We recall that a (full) Steiner 
triple system of order v (an STS(v)) is a 3-uniform hypergraph S = (V(S), B), where 
V(S) is a v-set such that every 2-subset of V(S) appears in exactly one hyperedge of B. 
It is well known that an STS(v) exists if and only if v = 1 or 3 (mod 6), such that a v is 
said to be admissible. Note that a partial STS (PSTS) differs from a full one in that any 
2-subset of its vertex set appears in at most one hyperedge. As mentioned earlier in the 
introduction, the existence of such systems with prescribed weak chromatic number 
t is quite hard to show whenever t ~> 5. In fact the existence of such objects is only 
shown by nonconstructive methods in I-3,6]. However, the existence of a (weakly) 
3-chromatic STS(v) is shown for every admissible v 1> 7 by direct constructions in
[12]. The situation changes completely if we consider 3-uniform hypergraphs without 
further restrictions, ince one can find for every t >/2, elementary examples of such 
objects that are (weakly) t-chromatic (we will give such an example and make use of it 
later on). 
In the sequel we will say (k, d)-colouring for weak (k, d)-colouring. 
The star chromatic number of an h-uniform hypergraph H is defined by 
z*(H) := inf{k/d: H has a (k, d)-colouring}. 
The following result is shown in [2] for h = 2. Using identical arguments (for all the 
proofs involved in [2]) we can show the following proposition. 
3.1. Proposition. Let h >~ 2 and H be an h-uniform hypergraph. Then 
z*(H) = min{k/d: H has a (k,d)-colouring and k <~ IV(H)I}. 
Hence z*(H) is a rational number. 
For a hypergraph H let x(H) denote the chromatic number of H, i.e. the least t for 
which H has a (weak) t-colouring. As for the strong case, we have the following 
corollary. 
3.2. Corollary. Let H be an H-uniform hypergraph. Then 
i.e. 
z(H) - 1 < z*(H)  ~< x(H), 
rx*(H)7 = x(H) 
(where Fa/b-] denotes the ceiling of the rational number a/b). 
We first want to study the computational complexity of finding a (k, d)-colouring 
for a PSTS. For this we must establish the following lemmas. 
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3.3. Lemma. For every t >1 2, there exists a t-chromatic PSTS P = (V(P), B) such that 
for some pair of vertices {a, b} c V(P) the following hold: 
(i) any t-colouring of P assigns different colours to a and b, and 
(ii) any vertex x e V(P) appears in some triple with either a or b. 
Proof. The existence of a PSTS S = (V(S),Bo) with property ( i ) is  shown in 
[10, Lemma 2.2]. Let xl . . . . .  x, be all vertices of S that do not appear with neither 
a nor b in any triple of S (i.e., both axi and bxi are edges of the leave graph of S for all 
i = 1 . . . . .  n). Consider n new vertices Yi . . . . .  y, (i.e., Yi ~ V(S) for i = 1 . . . . .  n). Put 
V(P):= V(S) ~J {Yl ..... y,} and B = Bo u {ax, yi: i = 1 ..... n}. 
It is straightforward to check that the PSTS P := (V(P), B) has both properties of the 
lemma. [] 
Remark. According to the construction given in [10], the pair {a, b} appears in one 
triple of S and consequently in some triple of P. 
3.4. Lemma. Let t, P, a and b be as in the lemma above. Let k and d be positive 
integers uch that L kid J = t. Then any (k, d)-colouring of P assigns different colours 
to a and b. 
Proof. Since P is (t, 1)-colourable and since t/1 <~ k/d, we get that P is (k, d)-colour- 
able. Let c: V(P) ~ k_ be a (k, d)-colouring of P and assume c(a) = c(b). For notational 
ease let c(a) = 0. Then by the property (ii) of P we get that none of the colours 
1,2 . . . . .  d- l ,k -d+l ,k -d+2 . . . . .  k -1  
belongs to the range of c. Let 
and 
Co:= {0}, C,:= {id, id + 1 ..... (i + 1)d - 1} for i = 1, . . . , t  - 1 
C,-z:= {( t -  1)d,(t-  1)d+ 1 ..... k-d}. 
Note that there is no triple xyz e B such that 
{c(x),c(y),c(z)} ~_Ci for some i = 0 . . . . .  t - I 
as c is a (k, d)-colouring of P. Therefore, the mapping f :  V(S) ~ {0 . . . . .  t - 1 } defined 
by f (x )  = i if and only if c(x) e Ci is a t-colouring of P withf(a)  = f(b), a contradiction 
with property(i) of P. [] 
3.5. Theorem. Deciding whether a PSTS has a (k, d)-colouring is NP-complete for all 
positive integers k, d with k >. 2d. 
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Proof. Membership in NP is straightforward. If k = 2d, then the result follows from 
[10, Corollary 6.2]. So let k > 2d. The reduction is from the problem of (k,d)- 
colouring of graphs [2] known to be NP-complete for all k > 2d. Let G = (V, E) 
be a graph, P~b be the PSTS with distinguished vertices a and b constructed in 
Lemmas 3.3 and 3.4. For each edge e = uv ~ E, we associate a copy Pe of P~b with 
u and v identified with a and b, respectively. Define the PSTS Qo = (V(Q),E(Q)) by 
I/(Q) := UeEE l/(Pe) and E(Q):= Ue~e E(Pe). We show that the graph G is (k,d)- 
colourable if and only if the PSTS Q~ is (k, d)-colourable. By Lemma 3.4 we have that 
any (k, d)-colouring c of Q assigns different colours to u and v for each edge uv ~ E(G) 
and such that 
d ~< [c(u)-  c(v)l-%< k - d 
(since the pair {u, v} appears in some triple of Q by Remark 3.3a). Conversely, let 
f:  V(G) ~ {0 ..... k - 1} be a (k,d)-colouring of G. Then it is easy to see that fcan be 
extended to a (k,d)-colouring of Pe for each edge e e E(G) and thus Q has a (k,d)- 
colouring. Since the reduction is in polynomial time our result is established. [] 
Remark. Deciding k-colourability of simple h-graphs is known to be NP-complete for 
all k >i 2, h >/3 (see [10, Theorem 2.4 and Corollary 6.2-1). 
Now we want to show that for every rational k/d > 2, there exists a k/d-star 
chromatic PSTS. 
3.6. Lemma. Let k, d, t, Pab be as in the theorem above. I f  P,b has an (s, r)-colouring 
c with s/r < t, then c(a) ~ c(b). 
Proof. Let c :V(Pab)~ {0,. . . ,S- - I} be an (s,r)-colouring of Pab. Define 
f:  V(Pa~) ~ {0 ..... t - 1} by f (x )  = i iff c(x)6 {ir, ir + 1 ... . .  (i + l)r - 1} (note that 
0 <~ f (x )  ~< t - 1 as s/r < t) and it is easy to check that c is a t-colouring of tab, hence 
c(a) = c(b) would imply the contradiction f (a)  =f(b). [] 
Let k > 2d and let Q(k,d) denote the PSTS Q~ constructed in the proof of 
Theorem 3.5 from the graph G = G(k, d). From the proof of our theorem we see that 
Q(k,d) has a (k,d)-colouring. Assume that Q(k,d) has an (s,r)-colouring c with 
s/r < k/d. We have two cases: 
(i) s/r < [ k/d J, then by Lemma 3.6 we get c(u) v~ c(v) for all edges uv of G(k, d). As 
the pair {u, v} appears in some triple of Q(k, d) for every edge uv of G(k, d), we deduce 
that r ~< Ic(u) - c(v)l ~< s - r for every edge uv of G(k,d) i.e., G(k,d) has an (s,r)- 
colouring with s/r < k/d, a contradiction with the fact that k/d is the star chromatic 
number of the graph G(k, d) (see 2.2). 
(ii) [_ s/r J = [_ k/d J, then by proof of Theorem 3.5, c(u) ~ c(v) and as in (i) this gives 
a contradiction. We have shown the following. 
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3.7. Theorem. For every k > 2d, there exists a PSTS whose star chromatic number 
is k/d. 
3.8. Corollary. For every t >1 3 there are infinitely many t-chromatic PSTSs (Qn), >. 
with z*(Qn) < t. 
Proof. Follows from the fact z*(H) = k/d implies z(H) = rk/d7 for any h-uniform 
hypergraph H. [] 
3.9. Example. Let P be the PSTS(9) with vertex set V(P)= {a,b, xl . . . . .  x6,y} and 
triples 
E(P) = {xlx2b, x lxaxs,  XIX4X6, X2X3X6, X2X4X5, x3x4b, x6ab, xsya}. 
By the direct verification we can see that P satisfies the properties stated in Lemma 3.3 
for t = 2. Let k and d be such that 2 < k/d < 3. Consider the graph G(k,d) and the 
PSTS Q(k, d) constructed from P and G(k, d). As G(k, d) has k(k - 2d + 1)/2 edges we 
get that Q(k,d) is a k/d-star chromatic PSTS of order k + 7k(k - 2d + 1)/2. 
Remark. As mentioned in the beginning of this section, the problem is much easier if 
we consider 3-uniform hypergraphs instead of PSTSs. In what follows, we give, for 
every k > 2d, an example of a k/d-star chromatic 3-uniform hypergraph. 
First note that an n-chromatic 3-uniform hypergraph is very easy to construct for 
any integer n/> 2. Indeed let Vn = {xl .....  x2n- 1 } be a (2n - 1)-element se t and H, 
be the set consisting of all 3-subsets on Vn. Consider the 3-uniform hypergraph 
(V~, H,). Then for any colouring of it, no colour class can contain more than two 
elements, i.e., (V~,Hn) is at least n-chromatic. On the other hand, the partition 
{Xl, X2} L.) "'" L.) {X2n-3, X2n-2} k.) {X2n_ 1} gives an n-coiouring of our hypergraph, 
hence (F~, H~)is an n-chromatic 3-uniform hypergraph. 
Now let k > 2d and put t:= Lk/d_~ Consider the (t + 1)-chromatic 3-uniform 
hypergraph (Vt+l,Ht+l) defined above and let P ' :=(Ft+I ,B ' ) ,  where 
B ' :=Ht+I -  {Xl,Xa,X2t+l} (i.e., B' consists of (2,~-1)_ 1 triples). Then P' is a 
t-chromatic hypergraph (since {xl,x3,x2,+1} w {x2,x4}... {x2,-3,x2t-2} w
{x2t-l,x2,} gives a t-colouring of P'). Moreover it is easy to verify that in any 
t-colouring of P', the vertices xl and x3 receive the same colour, thus xl and x2 receive 
different colours (since the hyperedge {xl,x2,x3} ~ B'). It is also trivial to see that 
every vertex of lit ÷ 1 appears in some hyperedge with either x ~ or x2, i.e., P' verifies the 
properties (i) and (ii) of Lemma 3.3. Since the proofs of Lemma 3.4 and 3.6 as well as 
the construction i Theorem 3.5 do not rely on the fact that every pair of elements of 
V(P) appears in at most one triple of B, all these results hold for the 3-uniform 
hypergraph P'. This allows us to apply the construction given in Theorem 3.5 to P' in 
order to obtain a specific example of a k/d-star chromatic 3-uniform hypergraph. 
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So consider the graph G(k,d), and let e l ,e  2 . . . . .  e,, be all its edges where 
m = ½k(k -  1) -  k(d -  1). On the top of each edge ei = {u,v}, i = 1 . . . . .  m, we put 
a copy of the 3-uniform hypergraph Pi ({x] , . .  i ' = ., Xzt+ 1 }, Bi), where the vertices u and 
v are identified with x] and x~, respectively. Let Q' := (V(Q'), (E(Q')) be the resulting 
3-uniform hypergraph. Then V(Q') := Oi = 1 ...... {x~, .. i Bi" • ,x2,+1} and E(Q'):= 0i=l  ...... 
Since every vertex of G(k,d) appears in k -2d  + 1 edges, we have that 
[ V(Q'):= (2t + 1)m - (k - 2d)k, and clearly IE(Q')I = m(2'~ " 1) _ m. Now by Lemmas 
3.4 and 3.6, the star chromatic number of Q' is k/d. 
On the other hand, we can give specific examples of PSTSs with 'small' star 
chromatic numbers. In fact without involving the graphs G(k, d), we can construct for 
every n >t 2, an example of a PSTS(6n + 1) whose star chromatic number is 2 + 1/n. 
We first need the following lemma. 
3.10. Lemma. For all n >1 2 
2n+l  =max :3  < - n  and k~<6n+l  . 
Proof. Let k/d = 2 + a/d. We need to find the maximum value of a/d such that 
a 2n+ 1 
2 + ~ < - -  (1) 
/2 
and 
2d+a~<6n+ 1. (2) 
From (1) we have na < d and thus 
2na < 2b. (3) 
Combining with (2) we get 2na + a < 6n + 1 and hence a < (6n + 1)/(2n + 1) < 3, 
which implies that a ~ { 1,2}. If a = 1 then from (3) we have n < d, and from (2) d ~< 3n. 
Now it is easy to see that 2 + 1/(n + 1) is the largest element in 
t 1 t 2 +3:n<d<~ 3n . 
If a = 2 then from (3) we have 2n < d and from (2) d ~< (6n - 1)/2 < 3n. Here 
2 + 2/(n + 11 is the largest element of 
I t 2+d:2n<d<3n . 
Now since 
1 2 4n+4 
2+ <2+ - -  - 
n+l  2n+l  2n+l '  
our lemma is shown. [] 
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For iek  put lilk:= min{ i ,k -  i}. Note that 
i k if i < k/2 
lilk = -- i otherwise. 
Fact. For all i,j E k, [i + jlk ~ [ilk + [Jlk- 
Let $1 be the PSTS(7) with vertex set V(S1) = {x,y,z,a,b,c,d} and triples 
E(S1) = {xda, xcb, ybd, yca, zcd, zba}. 
Note that S 1 is the PSTS obtained from the Fano plane PG(2, 2) by deleting the 
triple xyz. It is well known that any 2-coiouring of $1 leaves the vertices x, y and z with 
the same colour. We first establish a similar result to this fact. 
3.11. Lemma. Letfbe any (4n + 4, 2n + 1)-colourin9 of $1, then If(u) - f (v)14,+4 ~< 2 
for all u, v e {x, y, z}. 
Proof. Since all cases are symmetric, we need only to show that If(x) - f (z)14~+4 ~< 2. 
For notational ease let f (x)  = 0. We first discuss the following three cases: 
Case 1: f(a) --- 0 and f(d) = 2n + 1. 
As z occurs in one triple with each of a and d, we have f (z)  e {0, 2n + 1 }. Assume 
thatf (z)  = 2n + 1. Hencef (c)  ~ 2n + 1 and as c occurs in one triple with x, we have 
f(c) = 0. Thus f (y )  :~ 0 ~f(b). On the other hand, f (b) = 2n + 1 as it occurs in one 
triple with z, which gives a monochromat ic  triple y b d, a contradiction. Thusf(z)  = 0 
and consequently I f (x ) - f ( z )14 ,+ l  ~< 2. 
Case 2: f(a) = 2n + 1 and f(d) = 0. Similar to case 1. 
Case 3: f(a) =f(d)  = 2n + 1. 
As c occurs in one triple with each of a and x, we havef (c )e  {0,2n + 1}. Similarly 
f (b )e  {0,2n + 1}. Thus f ( z )e  (0,2n + 1,4n + 2,4n + 3}. Assume f(z) = 2n + 1. 
Then f (b )= 0 which implies that f ( c )= 2n + 1 and therefore the triple z cd is 
monochromatic,  a contradiction. Hence f (z)  e {0,4n + 2,4n + 3}. In either case 
If(x) --f(z)J4n+4 <~ 2. 
Replacing 2n + 1 by 2n + 2 and then by 2n + 3 deals with all other possibilities. 
This completes the proof of our lemma. [] 
For  every n > 1 we construct a PSTS(6n + 1) S~ as follows: 
1/(S,)= U {xl, yi, zi, ai ,bi ,c i ,di},  
i=1 
where zl = xi+l for all i = 1 .. . . .  n - 1 (hence I V(S,)[ = 6n + 1) and we put a copy 
of $1 on {xi,Yi,zl,al,bi,ci,di} for all i=  1 . . . . .  n. Moreover,  we add one more triple 
x~ylz, (hence S~ has 6n + 1 triples). 
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3.12. Proposition. ~(*(S.) = (2n + 1)~n for  all n > 1. 
Proof. Define g: V(S.)  ~ {0 ... . .  2n} by setting 9(ai) = 9(bl) = O(ci) = 9(di) = n + i 
and 9(xi) = 9(Yi) = i - 1 .. . . .  n; and, moreover, 9(z.J = n. By direct verification we 
can check that 9 is a (2n + 1, n)-colouring of S,, thus x*(S.) ~< (2n + 1)/n. We show 
that S. has no (4n + 4,2n + 1)-colouring for all n > 1. Indeed assume that 
f :  V (S , )~ {0 ... . .  4n + 3} is a (4n + 4,2n + 1)-colouring of S.. Then 
If(x1)--f(zn)J4n+4 = If(x1) -- f ( z l )  + f (x2)  -- f ( z2)  + "'" + f (x . )  -- f ( z . ) l * .+4 
<<- ~ I f (x i ) - - f ( z~)14.+4 ~< 2n. 
i= l  
Similarly 
If(Y1) - f (z . )14.+4 ~< 2n. 
Hence either the triple x ly l  z. is monochromatic  or 
0 ~< If(u) - f (v ) J  <~ 2m < 2n + 1 
for some u, v ~ {x 1, Yl, z. } and thusf is  not a (4n + 4, 2n + 1)-colouring of S., a contra- 
diction. Combining this with Lemma 3.11, we get 
2n+ 1 
z*(S.) = - -  [] 
n 
For full STSs, the situation is much easier (and thus less interesting). 
3.13. Proposition. Let  S be a (full) STS.  Then 
z*(s)  = x(S). 
Proof. Let x(S) = t and assume that S has a (k, d)-colouring c with t - 1 < k/d < t. 
Let x ~ V(S) and assume (for notational ease) that c(x) = O. Then for every y e V(S), 
c(y) # O ~ d <~ lc(y) - O] ~<k-d  
as y appears with x in (exactly) one triple of S. Thus 
d <~ c(y)<~ k -d  < td -d=(t -  l).d, 
and therefore none of the colours (t - 1).d, (t - 1).d + 1 . . . . .  k - 1 belongs to the 
range of c. Hence the mapping f :  V(S) --* {0, 1 . . . . .  t - 2} defined by f(y)  := n if and 
only if c(y) e {nd . . . . .  (n + 1).d - 1} is clearly a t - 1 colouring of S, a contradiction. 
This shows that ~(*(S) >/t and thus x*(S) = t. [] 
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4. Conclusion 
Because of the similarity between the concept of t-colouring and the concept of 
(k, d)-colouring of h-uniform hypergraphs, one might ask any question about the star 
chromatic numbers that is already discussed for (usual) chromatic numbers. We 
would like here to raise one problem: What can be said about a PSTS S if its star 
chromatic number is an integer i.e., if x*(S)= ~(S)? Note that according to our 
Proposition 3.13, if S is a full STS, then x*(S) = x(S). 
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